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A B S T R A C T  l’crformancc of the second order
digital l>atr+-Aided I,oop (l JAI.) is evaluated using
the curlcnt available analog results. ‘J’o utilize the
analog resul ts , both lmpulsc Invar iant
“1’ransformation  (J 1’1’) and 1,incar  lntcrpolat ion
Transformation (J .1’1’)  techniques arc used in the
approximation of the digital loop filter. The
analyt ical resul ts obtained f[-orn these
transformation methods will be compared with the
computer simulation results. The results obtained
b y  1.1’1 m e t h o d  a r c  i n  g o o d  agrccmcnt w i t h
computer simulrition  results. In addition, the pi~pcr
wi l l  a lso  inves t igate  the  inq~aet  of the 1 )A1.
tracking phase jitter on the IIit lkror Rate (JllXt)
pcrformancc, rrnd the rcsu]ts arc then compared
with the commonly used Costas loops,  namely,
Costas loop with matched filter and clock feed back
in the  arm filter and Costas loop with second order
IIuttcrworth filter in the arm filter. ‘1’hc analytical
results demonstrate the superior performance of the
digital IJAI,.

1.0 lntmduction
In tlic past, the analog Jlatri-Aided 1.oop (I>AI.)

has been proposed for space applications [1, 2].
“lhc 1 JAI.  can be employed by both suppressed
carrier or residual carrier communication systems.
k’or space applications, the residual carrier systems
usually usc the subcarricr to separate the data from
the residual carrier [3]. Ilasically, the I) Al. uses
the  power  in  the  composi te  rece ived signal
sidebands to cn}lancc  the Signal-to-Noise Ratio
(SNR)  i n  t h e  b a n d w i d t h  o f  t h e  c a r r i e r  ( o r
subear[  icr) tl-acking.  The composite rcccivcd signal
used in the I> AI,  can consist of the carrier and data,
or carr ier  and data  modula ted  subcarricr for
suppressed or residual carrier system, rcspcctivc-
ly [2]. Furthermore, for residual carrier systems,
the l)A1,  can also be used for subcarricr tracking
where the composite rcccivcd signal is subcarricr
and data [3, Chapters 5-6]. IIecausc of the advance
in digital signal processing technology, the I) Al,
c a n  be e a s i l y  inq>lcmcntccl  in a single  l)igital
Signal I’roccssing (1>S1’)  chip. ‘J’his has  motivated
the usc of the digi(al  I)Al. for sprIcc applications
where  subcarricr tracking is rc.quircd  to be done
with  great  accuracy.  l;igurc I sholvs  a sin~p]ificd
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block diagram of t}lc digital I)Al.. I’hc  digital loop
filter, Ffi.),  shown in this figure is of the second
ordcl  type, hcncc  the name second order digital
DAI >

The performance of the first and second order
ana log  IIAI. has been analyzed thoroughly by
Simon and Springctt [2]. I Iowcvcr, the results for
the second order loop arc only applicable to the
scco~~d order analog loop filter. This paper
attclripts to usc the current available results pro-
vidc{i in [2] to derive the tracking rms phase error
(or tracking phase jitter) for the second order
cligital IJAI., and assesses the impact of this phase
jittcl on the Dit llru or Rate (T31X)  performance.
‘l’he results of the phase jitter obtained by the
computer simulation for the digital llAI. will also
be I)rcscntcd  and compared with the theoretical
results. Furthermore, the 1311R performance for
systems using IIAI, will be compared against those
cmi~ioying  Costas loops.

2.0 Derivation of Tracking Phase Jilter
2.1. Current Results for the Analog DAL

A simplified block  diagram for the anaiog IJA1.
is shown in l~igure 2.. “fhis loop has been anaiyz.cd
in [ I-2]. For  the second order I>AI,,  the loop filter
l;(s) is given by

] + sq
l:(s) =Ls-

1

(1)

w h e r e  T, and T2 arc the time constants of the
second  order loop flitcl. When the I,oop  Signal-to-
Noisc Ratio (J.SNR)  is iargc and the bit SNR is
grcritcr  than 4 dil with the tracking phase jitter lCSS
than 15° (or rdl 2), the variance of the tracking
pb:isc  jitter can bc shown to have the following
form [2]

‘~=l]+’-:’kw’ ‘2)
where l’, is dcflncd as the time constant ~l-to-~l

ratio and the J)aramctcr  r is given by

1 The  work dcscribcd in this paper was carried out at the Jet I’repulsion laboratory, California lnstitutc of
‘J’cclmology,  under contract with the National Aeronautics and Space Administration.



missions, the nominal sampling period is (8 XI O])-l
r =&KT,l:,crf($<;-), (3)

the priramctcrs I’D rind R, denote the total rcccivcd
signril J>owcr rrnd IIit SNR (I ISNR),  rcspcctivcly,
and K in Ilq.  (3) denotes the loop gain, l:inally,
the parameter p in llq.  (2) is given by

(4)

N o t e  t h a t l;q.  (2) rcprcscnts t h e  l i n e a r
approximation of the tracking phase jitter for the
second order loop at high bit SNR and small phase
jitter error. l~or large r, the phase jitter dcscribcd
by I;q. (2) will approach (1/p), which is the phase
jitter for the linear first order loop, “1’bus, for large
r, the parameter p bccomcs the loop SNR.

In this paper, one is interested in a digital I)AI.
(SCC l~igurc 1) with a second o~dcr digital loop  filter
F’(L) of the following type:

(5)

where A, and Az arc the coefficients of the digital
filter. P’or  typical deep space missions, e.g. Mars
Obscwcr and Cassini,  the coefficients arc given by
Al =- 0.25 and A2 = 0.031?,5, In order to usc the
analog results prcscntcd above, onc must find the
equivalent loop filter in the S-domain.
2.2. Ihprivalcnt hop Fl[tcr in tbc S-llomain

l~rom llq.  (5), the loop filter F(z) in the discrctc
domain can be rewritten as

(6)

where in this case

Yi=l> Y,+> K#,~ 2 (-/)

f

‘1’hc p,orrl  is to find whether there exists appropriate
values for T, and T2 in l~q. (1) that can bc used to
aJ~proxinxitc  the digital loop filter in I;c1. (6) so that
the analog results presented in Section 2.1 can be
applied, (Jsing the 1.1’1’ techniques [4], one can rc-
J>lacc s in ILq. (1) by

(8)

to get an approximated digital loop filler for F(z),
I;~P(z). The parameter  “1’ in I;q. (8) denotes  ihc
nominal sampling period, l~or typical deep space

S C C. I.ct al and az bc defined as

2T, 2T
a, =.- , az <2~. .,

1

then the approximated digital loop

(9)

filter IiAD(z) of

l;(L) using  1,1’f trar~sformation  tcclmique ;an b e
writ~cn in terms of al and a2 a s

Next, onc would want to map l~q. (10) into Iiq,
(6). IIy equaling the coefficients between Eqs.  (10)
and (6) onc obtains the appropriate time constants
T1 and T2 for the corresponding analog filter that
rcprcscnts F(z)  in the s-domain, namely,

‘=”’’l~i?=)+~l>’zl%i “])

Sinw onc wants the approximated second order
digital loop filter I;AP(z) to he the same as F(z)
dcsc~ibcd  in liq.  (6), the values z, and T1 calculated
from llq (11) must be sclcctcd in such a way that
the following  condition is satisfied

(12)

As arl example, for typica] deep space missions,
one obtains:

Z1 =1.0585 XJO”3SCC,  TZ4.366X10%CC (Is)

IJsinp  the calculated va]ucs for t] and Tz in l;q.
(1 3), one wishes to verify the condition in I;q. (12).
Ily  substituting these valocs into J;q. (12) one gets
y, = 1.03, which is approximately equal to 1,
‘1’hcrcforc, for deep space applications, using the
t i m e  c o n s t a n t s  fourld  in I;q. (1  3) ,  onc can
approximate the discrete loop filter U’(z) in Hq. (6)
by ]{q. (1) in the s-domain. Thus, using the 1,1’1’
method, the aIJproximritcd  analog loop filter for the
digital filter dcscribcd by Jlq, (6) is found to be:

]’(S) =.l..%!  f_~:~_:~25~7x104)S (14)
1 +w, 1 {4,05850 x103)s

“1’o J,rcscrvc  the transient rcsporrsc  of the analog
loop flltcr F(s) in the discrctc domain, the actual
rcprcscntation of l;q.  (1) in the z-domain can be



,

cicrivcd  by using 11’1’ method. ‘l’his is derived as
follows. l~irst, the impulse response f(t) of the ana-
log loop filter is found by taking thc i n v e r s e
l.aplacc transform of 1;(s). ll)c desired impulse re-

sponse  f(n) for the digi ta l  loop  filtcl- then can  bc

found by sampling f(t) at each sampling interval 1’,
i.e., f(n) = f(t = n’1’). ‘1’hc actual loop filter, I;A=(z),
in the discrctc domain is found by taking the 7,-
transform of f(n), namely [5],

where the parameters aO, a, and al arc given by

T2 +] X2 .!

(10  - -— , u, =.!., (I2 ...!
‘t, T; F, T,

(16)

“J’cr apJ>roxirnatc  the digital loop filter cxprcsscd
by l{q. (5) in the analog domain onc rewrites liq.
(5) as follows

(17)

where Kf rrnd yz arc given by liq.  (7) and Y1 = 1.
IIy comparing the coefficients of }tqs. (15) and
(17), one  can determine the time constants TIAC and
zz~, for the corresponding, analog loop  filter, I; AC(S),
t}lat rcprcscnts  a n  aJ>proxirnation  u s i n g  I I T
transformation for the digital loop filter described
by liq. (6). Comparing the coefficients bctwccn
lkls.  (15) and (17), onc gets

[1‘T*AC+]  T2AC
.1

— —  - - — .  _ =y2, and c “h = 1 (18)
‘T ~;Ac

IAc

“Ike solutions to llq.  (18)  should satisfy the con-
shaint

Tq2AcCY);,  = ,-—. . (19)
T I Ac

As an cxarnp]c,  the calculated time constants using
11’1’ fol typical deep space applicrrtions  arc, from
]{[1S.  (18)  and (19),

T, AC4.1389  See, ‘C2AC=0.1357  sec. (20)

l’lots  of the variance tracking jitter using 11’1’ and
1.1”1’  a r c  s h o w n  i n  I:igure  3. I’hc computer
sill] ulalion results arc also shown for comparison
and vcxification  purpose. 1.1’1’  technique was found

to bc the best ami will bc used later for B}H<
calculation.

3 .  BKR Pcrfomumcc
In this section onc  will assume that the bit

tracking is perfect in the bit synchronizer. When
the two-sided loop bamiwidth of the digital I)A1,
(or the analog Costzis 10op) is small relative to the
in coming data rtrtc,  thCO the phase error $ can bc
considered to he constant for many bit periods.
LJmicr these conditions, the conditional error pro
bahllity is g,ivcn by [2]

P(c/1$) =~crfc(~cos($)) (21)

Again, R$ denotes the bit SNR.  The average error
probability is then obtained by averaging liq.  (2 1 )
ovrr the probability density function (@f) P(O of
the phase error [2]

Ml

J
PA, = P(c/~)})($)dr$ (22)

*I2

F’or digital 1 )Al, operates at high bit SNR (R, >
4 ciil) and small  phase error (~ < 153,  using Rcf-
crrncc [2], the Ixif  for the phase
shown to have the following form

w]tcrc

a =0;

error can be

i
(23)

(24)

and cr$ 2 is .givcn by Ilq. (2). ‘1’hc average 111;1<  pcr-
fomlancc for the (iigital  lIA1.  loop and the results
arc calculrrtcd  and J)lottcd  in I:igurc  4. I;or Cos ta
loop with rn~itchcd filter and clock feed back in the
a~ m filter, and second  order JIr.rttcrworth  in the arm
frltcr, the results can bc found in [3, Chapter 3].
‘1’}Ic resul ts  arc  a lso  plot ted  in  I;igurc  4 for
comparison purpose.

4.0 Conclusion

‘1’hc analytical nlodel employing the 1,1’1’ method
can be used to plcdict  the tracking jitter of the scc-
olld order digital I) AI, for all data rates. Using the
derived tracking phase jitter, onc can dctcrminc the
}IIW pcrfonnancc  of  the  second order  d ig i ta l
suppressed-carricl I)Al.. Nurncricrrl  results show
tl,at the digital I )Al. outperforms the commonly
used Costas iooI)s
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